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Abstract

LetG be a simple, connected, undirected, nontrivial graph and let c be a coloring of the ver-
tices ofG using the colors red andwhite such that not all the vertices are coloredwhite. For each
vertex v of G, we can assign a vector code d⃗(v) = (a1, a2, . . . , adiam(G)), where diam(G) is the
diameter of G and, for each i = 1, 2, . . . ,diam(G), the component ai is equal to the number of
red vertices whose distance to v is i. Then, c is said to be an ID-coloring of G if d⃗(v) ̸= d⃗(w) for
any pair of distinct vertices v and w. If G has an identification coloring, it is called an ID-graph
and its identification number ID(G) is defined to be the least number of red vertices needed to
construct an ID-coloring of G. An ID-coloring of G can be used to distinguish its vertices from
each other and this is particularly interesting when G has nontrivial automorphisms. Indeed,
identification colorings have been studied for paths, cycles, grids, prisms, and some tree fami-
lies, including caterpillar and lobster graphs. In this paper, we consider identification colorings
for antiprism graphs, which have not been previously studied in relation to this topic. An an-
tiprism graph is a graph that corresponds to the skeleton of an antiprism. Antiprism graphs are
known to be vertex-transitive; thus, they possess nontrivial automorphisms. Our results include
a characterization of all ID-antiprisms and the determination of the identification number of any
ID-antiprism.
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1 Introduction

Consider a simple, connected, nontrivial graph G. A red-white coloring of G is a vertex color-
ing of G where each vertex is colored red or white, and not all vertices have been colored white.
Such a coloring induces a vector code d⃗(v) for each vertex v, where d⃗(v) = (ai)i∈{1,...,diam(G)} and
each ai is equal to the number of red vertices whose distance to v is i. Chartrand et al. [1] have
defined an identification coloring (or ID-coloring) of G to be a red-white coloring of G in which
each vertex does not have the same vector code as other vertices. IfG has at least one ID-coloring,
then it is called an ID-graph and its identification number (or ID number), denoted by ID(G), is
the least number of red vertices needed to construct an ID-coloring of G.

In Hakanen dan Yero [4], the notion of ID-colorings has been shown to be equivalent to the
notion ofmultiset resolving sets. This was first introduced by Saenpholphat in [8]. Independently,
the same notion was reintroduced later by Simanjuntak et al. [10]. More precisely, we can also
define the multiset codeM(v) to be the multiset containing the distances of v to all the red vertices
in G. Then, in an ID-coloring, each vertex also does not have the same multiset code as other
vertices; and the converse also holds. In Figure 1 and Table 1, we present an example of an ID-
coloring and the vector codes and multiset codes of the vertices respectively.

Figure 1: An ID-coloring of a graph.

Table 1: The vector codes and multiset codes of the vertices of an ID-coloring of a graph.

v d⃗(v) M(v)

0 (1, 1, 0) {0, 1, 2}
1 (1, 0, 1) {0, 1, 3}
2 (2, 0, 1) {1, 1, 3}
3 (0, 3, 0) {2, 2, 2}
4 (1, 1, 1) {1, 2, 3}
5 (0, 1, 1) {0, 2, 3}
6 (2, 1, 0) {1, 1, 2}

Chartrand et al. [1] have introduced the notion of ID-colorings as an approach for solving the
problem of uniquely identifying the vertices of a graph; that is, if G has an ID-coloring, then the
vertices of G can be distinguished using their vector codes (or equivalently, their multiset codes).
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The vertex identification problem is particularly interesting when the graph has nontrivial auto-
morphisms. Indeed, previous studies on this topic have focused on graph families with nontrivial
automorphisms. For example, ID-colorings of paths and cycles were investigated in [1]. On the
other hand, Kono and Zhang [5] focused on ID-colorings of grids and prisms. Moreover, Marcelo
et al. [6] studied the identification spectra (a related notion to ID-colorings) of prisms.

In this paper, we continue the themeof previous studies in this area by considering ID-colorings
of antiprism graphs, which are known to have non-trivial automorphisms. Our objectives are to
characterize all antiprism graphs that are ID-graphs and to determine the identification number
of such antiprism graphs. In Section 2, we cover some preliminaries, including the definition and
notations for antiprism graphs as well as some properties necessary for later discussions. In Sec-
tion 3, we present ourmain result and its proof, which is split into several lemmas that are detailed
in the succeeding subsections.

2 Preliminaries

We first introduce some notations. Suppose we have a graph G and a red-white coloring of
G in which at least two vertices have been colored red. We define minM(v),maxM(v), sum(v),
and sum2(v) to be the minimum element, the maximum element, the sum of all elements, and the
sum of the two least elements, respectively, of the multiset codeM(v) of the vertex v. It is easy to
observe that for two distinct vertices v and w, ifminM(v) ̸= minM(w) ormaxM(v) ̸= maxM(w)
or sum(v) ̸= sum(w) or sum2(v) ̸= sum2(w), thenM(v) ̸= M(w).

The following theorem compiles relevant results due to Chartrand et al., namely Proposition
2.2, Theorem 2.8, and Corollary 4.2 of [1].

Theorem 2.1.

(a) There is no ID-coloring of a connected graph with exactly two red vertices.

(b) Any connected graph with at least two vertices has ID number is equal to 1 if and only if it is a path.

(c) Suppose G is vertex-transitive, connected, and |V (G)| = n ≥ 2. If G has an ID-coloring in which
exactly r vertices are colored red, then G also has an ID-coloring in which exactly n− r vertices are
colored red.

An n-antiprism, n ≥ 3, is a polyhedron that consists of two congruent n-sided polygons that
are separated by a ring (or band) of 2n isosceles triangles [2, pg. 13]. The n-antiprism graph,
which we denote byAPn, is the graph that corresponds to the skeleton of the n-antiprism [7]. See
Figure 2 for example.

Now, letZk, k ≥ 3, be the group of integers modulo k. Recall that the circulant graph Cik(1, 2)
has V (Cik(1, 2)) = Zk and E(Cik(1, 2)) = {ij : i, j ∈ Zk and i − j ∈ {±1,±2}}, where additive
inverses are taken in Zk. For any integer n ≥ 3, it can be easily observed that the antiprism graph
AP (n) is isomorphic to the circulant graph Ci2n(1, 2). Thus, for the rest of the paper, we use,

V (APn) = Z2n = {0, 1, 2, . . . , 2n− 2, 2n− 1},

and

E(APn) = {ij : i, j ∈ Z2n and (i− j) ∈ {±1,±2}}.
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Figure 2: The 4-antiprism (left) and the 4-antiprism graph (middle), which is isomorphic to the circulant graph Ci8(1, 2) (right).

It is worth noting that circulant graphs have been studied with respect to different topics. For
example, in El-Shanawany and El-Mesady [3], cyclic orthogonal double covers of circulant graphs
were studied. On the other hand, Saleem et al. [9] studied antiprism graphs in relation to their
metric dimension, which is closely related to the notion of multiset dimension,

Note that any antiprism graph is vertex-transitive. From the rightmost graph in Figure 2, it
can be observed that an antiprism graph has a cycle induced by the even vertices and another
cycle induced by the odd vertices; more specifically, these cycles are 0 → 2 → 4 → 6 → 0 and
1 → 3 → 5 → 7 → 1, respectively. Furthermore, the shortest path between vertices of the same
parity is in one of these two cycles. From this, we can derive the following distance formula for
vertices in an antiprism graph.

Observation 2.2. Let i, j be vertices in an n-antiprism graph, where n ≥ 3. Then,

d(i, j) = min

{⌈
|j − i|

2

⌉
,

⌈
2n− |j − i|

2

⌉}
.

3 ID-Antiprisms and Their ID Numbers

As previously mentioned, our objectives are to characterize all ID-antiprisms, which are an-
tiprism graphs that are ID-graphs, and to determine the ID number of any ID-antiprism. We now
state our main result.

Theorem 3.1. For n ≥ 3, the graph APn is an ID-antiprism if and only if n ≥ 6. Moreover, for n ≥ 6,

ID(APn) =


3, if n ≥ 9 and n /∈ {10, 12, 14, 16},
4, if n ∈ {7, 8, 10, 12, 14, 16},
6, if n = 6.

The proof of the above theorem is split into several lemmas that are detailed in the rest of the
paper. Specifically, Theorem 3.1 follows from Lemmas 3.1, 3.2, 3.4, and 3.6.

First, we establish that AP3, AP4, and AP5 are not ID-graphs.

Lemma 3.1. The antiprism graphs AP3, AP4, and AP5 are not ID-graphs.

Proof. For brevity, we prove the result for AP3 only; the proofs for AP4 and AP5 can be carried
out similarly. In light of Theorem 2.1 and since AP3 is vertex-transitive, AP3 cannot have an ID-
coloring with exactly 1, 2, 4, or 5 red vertices. Thus, we are left to show that AP3 cannot have an
ID-coloring where exactly 3 vertices are red.
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Consider a drawing ofAP3 where the vertices 0, 2, 4 are in one rowwhile 1, 3, 5 are in another.
Up to rotations and reflections, there are only 3 red-white colorings of AP3 with exactly 3 red
vertices: c1 with red vertices 0, 2, 4; c2 with red vertices 0, 1, 2; and c3 with red vertices 0, 2, 3.
Under c1, the multiset codes of 0 and 2 are both {0, 1, 1}. Under c2, the multiset codes of 0 and 1
are both {0, 1, 1}. Under c3, the multiset codes of 0 and 3 are both {0, 1, 2}. Thus, c1, c2, c3 are all
not ID-colorings of AP3.

In light of Theorem 2.1(a)–(b), it is clear that any ID-antiprism must have ID number at least
3. In Table 2, we present ID-colorings of antiprism graphs APn, where n ∈ {6, 7, 8, 10, 12, 14, 16};
thus, these antiprism graphs are ID-graphs. Moreover, using a similar approach as in Lemma 3.1,
we can prove that ID(AP6) ≥ 6 while ID(APn) ≥ 4 for n ∈ {7, 8, 10, 12, 14, 16}. This leads to the
following lemma.

Lemma 3.2. If n ∈ {6, 7, 8, 10, 12, 14, 16}, then the antiprism graph APn is an ID-graph. Moreover,
ID(AP6) = 6 and ID(APn) = 4 if n ∈ {7, 8, 10, 12, 14, 16}.

Table 2: ID-colorings for antiprism graphsAPn, where n ∈ {6, 7, 8, 10, 12, 14, 16}.

n Red vertices in an ID-coloring of APn

6 0, 1, 2, 3, 6, 7

7 0, 1, 3, 6

8 0, 1, 5, 9

10 0, 1, 7, 11

12 0, 1, 7, 13

14 0, 1, 9, 15

16 0, 1, 9, 17

In the following two subsections, we consider general antiprism graphsAPn, where n ≥ 9 and
n /∈ {10, 12, 14, 16}.

3.1 ID number of APn, n ≥ 9 and n is odd

Under this case, we show that APn has ID number equal to 3. In Figure 3, we verify that this
is the case using a coloring of AP9 and AP11 where the vertices 0, 1, and 7 are colored red.

As evident in Figure 3, the multiset codes in AP11 are closely related to the multiset codes in
AP9. We generalize this observation below.

Lemma 3.3. Let n ≥ 9 be an odd integer and let c be the red-white coloring of APn under which only the
vertices 0, 1, and 7 are colored red. For any vertex v, letMn(v) be the multiset code of v as a vertex of APn

under the coloring c. Then,

Mn+2(i) =


Mn(i), if i ∈ {0, 1, . . . , n},

1 +Mn(i− 2), if i ∈ {n+ 1, n+ 2, . . . , n+ 10},
Mn(i− 4), if i ∈ {n+ 11, n+ 12, . . . , 2n+ 3}.

Proof. Fix n ≥ 9. We proceed by cases.
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Figure 3: ID-colorings of the antiprism graphsAP9 andAP11; shown beside each vertex is its multiset code.

Case 1: Suppose i ∈ {0, 1, . . . , 7}. Since n ≥ 9, it follows immediately that,

Mn+2(i) = Mn(i) =

{⌈
i

2

⌉
,

⌈
|i− 1|

2

⌉
,

⌈
|i− 7|

2

⌉}
.

Case 2: Suppose i ∈ {8, 9, . . . , n}. Let k ∈ {0, 1, 7}. Since i ≤ n, then i ≤ n + k, which implies
i− k

2
≤ 2n− (i− k)

2
<

2n+ 2− (i− k)

2
. Since k is arbitrary, we have

Mn+2(i) = Mn(i) =

{⌈
i

2

⌉
,

⌈
i− 1

2

⌉
,

⌈
i− 7

2

⌉}
, as desired.

Case 3: Suppose i ∈ {n + 1, n + 2, . . . , n + 10}. In this case, we want to prove that Mn+2(i) is
equal to the multiset {1 + x : x ∈ Mn(i − 2)}. We introduce the following notation:
For vertices v1, v2 that are both in APn and APn+2, let dn(v1, v2) and dn+2(v1, v2) be the
distances between v1 and v2 in APn and APn+2, respectively.

Our desired result follows if we can show that dn+2(n+ j, k) = dn(n+ j − 2, k) + 1 for
all k ∈ {0, 1, 7} and j ∈ {1, 2, . . . , 10}. Fix such k and j arbitrarily; note that
n+ j > n+ j − 2 > k. Using the formula in Observation 2.2, we have,

dn+2(n+ j, k) = min

{⌈
n+ j − k

2

⌉
,

⌈
n− j + k + 4

2

⌉}
,

while,

dn(n+ j − 2, k) = min

{⌈
n+ j − k − 2

2

⌉
,

⌈
n− j + k + 2

2

⌉}
.

If 1 ≤ j ≤ k+2, then n+j−k ≤ n−j+k+4 and equivalently, n+j−k−2 ≤ n−j+k+2.
Thus,

dn+2(n+ j, k) =

⌈
n+ j − k

2

⌉
=

⌈
n+ j − k − 2

2

⌉
+ 1 = dn(n+ j − 2, k) + 1,

as desired. On the other hand, if k + 3 ≤ j ≤ 10, then n + j − k > n − j + k + 4 and
equivalently, n+ j − k − 2 > n− j + k + 2. The desired conclusion also follows in this
case since,

dn+2(n+ j, k) =

⌈
n− j + k + 4

2

⌉
=

⌈
n− j + k + 2

2

⌉
+ 1 = dn(n+ j − 2, k) + 1.
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Case 4: Suppose i ∈ {n + 11, n + 12, . . . , 2n + 3}. Similar to the previous case, it is enough to
show that dn+2(n+j, k) = dn(n+j−4, k) for all k ∈ {0, 1, 7} and j ∈ {11, 12, . . . , n+3}.
Fix such k and j arbitrarily; note that n+ j > n+ j − 4 > k. Then,

dn+2(n+ j, k) = min

{⌈
n+ j − k

2

⌉
,

⌈
n− j + k + 4

2

⌉}
,

while,

dn(n+ j − 4, k) = min

{⌈
n+ j − k − 4

2

⌉
,

⌈
n− j + k + 4

2

⌉}
.

Since j ≥ 11 ≥ k + 4, it follows that n + j − k > n + j − k − 4 ≥ n − j + k + 4. Thus,

dn+2(n+ j, k) = dn(n+ j − 4, k) =

⌈
n− j + k + 4

2

⌉
, as desired.

The next lemma immediately implies that the ID number of APn, in this case, is equal to 3.

Lemma 3.4. Let n ≥ 9 be an odd integer. Then, the red-white coloring ofAPn under which only the vertices
0, 1, and 7 are colored red is an ID-coloring of APn.

Proof. The cases where n = 9 and n = 11 are covered in Figure 3. We use n = 11 as the base case.
Suppose the desired result is true for some odd integer n ≥ 11. We now consider APn+2.

Let i, i′ ∈ V (APn+2) such that i < i′. Recall the notationsMn(·) and dn(·) introduced in Lemma
3.3 and its proof.

Case 1: Suppose one of the sets {0, . . . , n}, {n+1, . . . , n+10}, {n+11, . . . , 2n+3} contain both
i and i′. Then, by Lemma 3.3 and the inductive hypothesis, we must have
Mn+2(i) ̸= Mn+2(i

′).
Case 2: Suppose i ∈ {0, . . . , n} and i′ ∈ {n + 1, . . . , n + 10}. Recall from the proof of Lemma

3.3 thatMn+2(i) =

{⌈
i

2

⌉
,

⌈
|i− 1|

2

⌉
,

⌈
|i− 7|

2

⌉}
. Thus, if 0 ≤ i ≤ 7, then

minMn+2(i) ≤ 2; on the other hand, if 8 ≤ i ≤ n, then minMn+2(i) =

⌈
i− 7

2

⌉
. In

either case, we have minMn+2(i) ≤ n− 7

2
. Thus, the desired result follows if we can

show that minMn+2(i
′) >

n− 7

2
.

It is enough to show that dn+2(n+j, k) >
n− 7

2
for all k ∈ {0, 1, 7} and j ∈ {1, 2, . . . , 10}.

Fix such k and j arbitrarily. From the proof of Lemma 3.3, we have,

dn+2(n+ j, k) = min

{⌈
n+ j − k

2

⌉
,

⌈
n− j + k + 4

2

⌉}
.

Since 1 ≤ j ≤ 10 and 0 ≤ k ≤ 7, we have n+ j − k

2
≥ n+ 1− 7

2
=

n− 6

2
and

n− j + k + 4

2
≥ n− 10 + 4

2
=

n− 6

2
. Thus, since n is odd, we have

dn+2(n+ j, k) ≥
⌈
n− 6

2

⌉
=

n− 5

2
, as desired.
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Case 3: Suppose i ∈ {n + 1, . . . , n + 10} and i′ ∈ {n + 11, n + 12, . . . , 2n + 3}. Let i′ = n + j,
where j ∈ {11, 12, . . . , n+3}. For k ∈ {0, 1, 7}, Case 4 in the proof of Lemma 3.3 implies

that dn+2(n+ j, k) =

⌈
n− j + k + 4

2

⌉
. Consequently,

minMn+2(n+ j) =

⌈
n− j + 4

2

⌉
≤

⌈
n− 11 + 4

2

⌉
=

n− 7

2
. The rest of the proof for this

case proceeds similarly as in Case 2.
Case 4: Suppose i ∈ {0, . . . , n} and i′ ∈ {n+ 11, n+ 12, . . . , 2n+ 3}. Note that i′ − 4 > i. Thus,

by Lemma 3.3 and the inductive hypothesis, we have
Mn+2(i) = Mn(i) ̸= Mn(i

′ − 4) = Mn+2(i
′).

3.2 ID number of APn, n ≥ 18 and n is even

As in the previous subsection, our goal is to prove that APn, n ≥ 18 and n is even, has ID
number equal to 3. For each such n, define cn to be the red-white coloring of APn where only
the vertices 0, 8, and n + 2 are colored red. The following formulas can be derived by applying
Observation 2.2.

Observation 3.2. Let i be a vertex of APn, where n ≥ 18 and n is even. Then, the distances of i to the
vertices 0, 8, and n+ 2 are given by the following:

d(i, 0) =



⌈
i

2

⌉
, i ∈ {0, 1, . . . , n},

⌈
2n− i

2

⌉
, i ∈ {n+ 1, n+ 2, . . . , 2n− 1},

d(i, 8) =



⌈
8− i

2

⌉
, i ∈ {0, 1, . . . , 8},

⌈
i− 8

2

⌉
, i ∈ {9, 10, . . . , n+ 8},

⌈
2n− i+ 8

2

⌉
, i ∈ {n+ 9, n+ 10, . . . , 2n− 1},

d(i, n+ 2) =



⌈
n− 2 + i

2

⌉
, i ∈ {0, 1},

⌈
n+ 2− i

2

⌉
, i ∈ {2, 3, . . . , n+ 2},

⌈
i− n− 2

2

⌉
, i ∈ {n+ 3, n+ 4, . . . , 2n− 1}.

In order to establish that cn is an ID-coloring, our argument uses comparisons involving the
sum(·) and sum2(·) of the vertices. Given a sequence (vk) of vertices in APn, we define
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sum(vk) := (sum(vk)) and sum2(vk) := (sum2(vk)). Lastly, given a sequence (aj), where each
aj ∈ Z, and b ∈ Z, we denote by b+ (aj) the sequence (b+ aj).

In the following lemma, we completely determine sum(·) and sum2(·) for each vertex in APn.

Lemma 3.5. Let cn, where n ≥ 18 and n is even, be the red-white coloring of APn where the only red
vertices are 0, 8, and n+ 2. Then,

sum(0, . . . , 8) =
n

2
+ (3, 5, 4, 5, 3, 4, 2, 3, 1),

sum(9, . . . , n) =
n

2
+
(
3, 2, 4, 3, . . . ,

n

2
− 2,

n

2
− 3

)
,

sum(n+ 1, . . . , n+ 7) =
n

2
+
(n
2
− 2,

n

2
− 4,

n

2
− 2,

n

2
− 3,

n

2
− 1,

n

2
− 2,

n

2

)
,

sum(n+ 8, . . . , 2n− 1) =
n

2
+
(n
2
− 1,

n

2
,
n

2
− 2,

n

2
− 1, . . . , 4, 5

)
.

Moreover, if n ≡ 0 (mod 4), then,

sum2(0, 1, . . . , 8) = (4, 5, 4, 5, . . . , 4, 5, 4),

sum2

(
9, 10, . . . ,

n

2

)
=

(
6, 6, 8, 8, . . . ,

n

2
− 4,

n

2
− 4

)
,

sum2

(n
2
+ 1, . . . , n+ 2

)
=

n

2
+ (−2,−3,−2,−3, . . . ,−2,−3) ,

sum2

(
n+ 3, . . . ,

3n

2
+ 5

)
=

n

2
+ (−1,−1, 0,−1, 0, . . . ,−1, 0) ,

sum2

(
3n

2
+ 6, . . . , 2n− 1

)
=

(n
2
− 2,

n

2
− 2, . . . , 8, 8, 6, 6

)
,

while if n ≡ 2 (mod 4), then,

sum2(0, 1, . . . , 8) = (4, 5, 4, 5, . . . , 4, 5, 4),

sum2

(
9, 10, . . . ,

n

2
+ 1

)
=

(
6, 6, 8, 8, . . . ,

n

2
− 3,

n

2
− 3

)
,

sum2

(n
2
+ 2, . . . , n+ 2

)
=

n

2
+ (−2,−3,−2,−3, . . . ,−2,−3) ,

sum2

(
n+ 3, . . . ,

3n

2
+ 4

)
=

n

2
+ (−1,−1, 0,−1, 0, . . . ,−1, 0) ,

sum2

(
3n

2
+ 5, . . . , 2n− 1

)
=

(n
2
− 1,

n

2
− 1, . . . , 8, 8, 6, 6

)
.

Sketch of proof. The given formulas follow by applying Observation 3.2. To illustrate, suppose
n ≡ 0 (mod 4) and let i be a vertex of APn such that i ∈ {9, 10, . . . , n}. Then,

M(i) =

{⌈
i

2

⌉
,

⌈
i− 8

2

⌉
,

⌈
n+ 2− i

2

⌉}
.

If i is even, then sum(i) =
i

2
+

i− 8

2
+

n+ 2− i

2
=

n

2
+

i− 6

2
; while if i is odd, then

sum(i) =
i+ 1

2
+

i− 7

2
+

n+ 3− i

2
=

n

2
+

i− 3

2
. From these, we have

sum(9, . . . , n) =
n

2
+

(
3, 2, 4, 3, . . . ,

n

2
− 2,

n

2
− 3

)
.
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Now, suppose further that i ≤ n/2; that is, i ∈ {9, 10, . . . , n/2}. If i is even, then

sum2(i) = min

{
i

2
+

i− 8

2
,
i

2
+

n+ 2− i

2
,
i− 8

2
+

n+ 2− i

2

}
= min{i− 4,

n+ 2

2
,
n− 6

2
} = i− 4

since i ≤ n/2. Similarly, if i is odd, then sum2(i) = min

{
i− 3,

n+ 4

2
,
n− 4

2

}
= i − 3. It now

follows that sum2

(
9, 10, . . . ,

n

2

)
=

(
6, 6, 8, 8, . . . ,

n

2
− 4,

n

2
− 4

)
, as desired.

The other formulas can be proven using similar approaches.

In Table 3, we illustrate the red-white coloring c18 of AP18, including the multiset code, the
sum(·), and the sum2(·) of each vertex. The results of Lemma 3.5 can also be verified from Table
3.

Table 3: M(v), sum(v), sum2(v) for each vertex v ofAP18 under the coloring c18, in which 0, 8, and 20 are colored red.

v M(v) sum(v) sum2(v) v M(v) sum(v) sum2(v)

0 {0, 4, 8} 12 4 18 {1, 5, 9} 15 6

1 {1, 4, 9} 14 5 19 {1, 6, 9} 16 7

2 {1, 3, 9} 13 4 20 {0, 6, 8} 14 6

3 {2, 3, 9} 14 5 21 {1, 7, 8} 16 8

4 {2, 2, 8} 12 4 22 {1, 7, 7} 15 8

5 {2, 3, 8} 13 5 23 {2, 7, 8} 17 9

6 {1, 3, 7} 11 4 24 {2, 6, 8} 16 8

7 {1, 4, 7} 12 5 25 {3, 6, 9} 18 9

8 {0, 4, 6} 10 4 26 {3, 5, 9} 17 8

9 {1, 5, 6} 12 6 27 {4, 5, 9} 18 9

10 {1, 5, 5} 11 6 28 {4, 4, 8} 16 8

11 {2, 5, 6} 13 7 29 {4, 5, 8} 17 9

12 {2, 4, 6} 12 6 30 {3, 5, 7} 15 8

13 {3, 4, 7} 14 7 31 {3, 6, 7} 16 9

14 {3, 3, 7} 13 6 32 {2, 6, 6} 14 8

15 {3, 4, 8} 15 7 33 {2, 6, 7} 15 8

16 {2, 4, 8} 14 6 34 {1, 5, 7} 13 6

17 {2, 5, 9} 16 7 35 {1, 5, 8} 14 6

We are now ready to prove that cn is indeed an ID-coloring of APn, for each even n ≥ 18.
Recall that if two vertices have different sum(·) or different sum2(·), then their multiset codes are
also different.

Lemma 3.6. Let cn, where n ≥ 18 and n is even, be the red-white coloring of APn where the only red
vertices are 0, 8, and n+ 2. Then, cn is an ID-coloring of APn.

Proof. Suppose n ≥ 20, n ≡ 0 (mod 4), and that APn has been colored using the red-white
coloring cn. Let i, j ∈ V (APn) such that i < j. We will prove thatM(i) ̸= M(j) under all possible
cases. Our arguments will use the formulas in Lemma 3.5.
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Case 1: Suppose i ∈ {0, . . . , 8}.
Case 1.1: Suppose j ∈ {0, . . . , 8}. If i and j are of different parity, then

sum2(i) ̸= sum2(j). If i and j are both even, then sum(i) ̸= sum(j) except
when (i, j) = (0, 4); and M(0) ̸= M(4) since 0 and 4 have different colors. If
i and j are both odd, then sum(i) ̸= sum(j) except when (i, j) = (1, 3); and
M(1) = (1, 4, n/2) ̸= (2, 3, n/2) = M(3).

Case 1.2: Suppose j ∈ {9, . . . , 2n − 1}. Since sum2(i) ≤ 5 while sum2(j) ≥ 6, it follows
that sum2(i) ̸= sum2(j).

Case 2: Suppose i ∈
{
9, . . . ,

n

2

}
.

Case 2.1: Suppose j ∈
{
9, . . . ,

n

2

}
. In this case, notice that sum2(i) = sum2(j) if and only

if i is odd and j = i+1. However, for odd i, it is clear that sum(i) ̸= sum(i+1).

Case 2.2: Suppose j ∈
{
n

2
+ 1, . . . ,

3n

2
+ 5

}
. Since sum2(i) ≤

n

2
− 4while

sum2(j) ≥
n

2
− 3, then sum2(i) ̸= sum2(j).

Case 2.3: Suppose j ∈
{
3n

2
+ 6, . . . , 2n− 1

}
. If j = 3n

2
+ 6 or 3n

2
+ 7, then

sum2(j) =
n

2
− 2 >

n

2
− 4 ≥ sum2(i). Thus, we are left to consider

j ∈
{
3n

2
+ 8, . . . , 2n− 1

}
. Note that sum2

(
9, 10, . . . ,

n

2

)
=

(
6, 6, 8, 8, . . . ,

n

2
− 4,

n

2
− 4

)
= sum2

(
2n− 1, 2n− 2, . . . ,

3n

2
+ 8

)
. More-

over, sum
(
9, 10, . . . ,

n

2

)
=

n

2
+

(
3, 2, 4, 3, . . . ,

n

4
− 2,

n

4
− 3

)
while

sum
(
2n− 1, 2n− 2, . . . ,

3n

2
+ 8

)
=

n

2
+

(
5, 4, 6, 5, . . . ,

n

4
,
n

4
− 1

)
. Thus,

sum(i) ̸= sum(j) if sum2(i) = sum2(j).

Case 3: Suppose i ∈
{n

2
+ 1, . . . , n+ 2

}
.

Case 3.1: Suppose j ∈
{n

2
+ 1, . . . , n

}
. Notice that sum2(i) = sum2(j) if and only if i and

j have the same parity. Moreover, it can be seen that sum(9, 11, . . . , n− 1) and
sum(10, 12, . . . , n) are increasing sequences. Thus, sum(i) ̸= sum(j)whenever
sum2(i) = sum2(j).

Case 3.2: Suppose j ∈ {n + 1, n + 2}. Again, sum2(i) = sum2(j) if and only if i and j
have the same parity. This leaves us to consider the cases where
(i, j) ∈ {(n−1, n+1), (n−2, n+2)}. SinceminM(n−1) = 2 ̸= 1 = minM(n+1),
thenM(n− 1) ̸= M(n+ 1). Meanwhile,M(n) ̸= M(n+ 2) and
M(n−2) ̸= M(n+2) since n−2 and n are colored white while n+2 is colored
red.

Case 3.3: Suppose j ∈
{
n+ 3, . . . ,

3n

2
+ 5

}
. Since sum2(i) ≤

n

2
− 2while

sum2(j) ≥
n

2
− 1, then sum2(i) ̸= sum2(j).

Case 3.4: Suppose j ∈
{
3n

2
+ 6, . . . , 2n− 1

}
. Then sum2(i) = sum2(j) if and only if i

is odd and j ∈
{
3n

2
+ 6,

3n

2
+ 7

}
. Thus, we are left to consider these values

of i and j. Note that sum
(
3n

2
+ 6

)
=

3n

4
and sum

(
3n

2
+ 7

)
=

3n

4
+ 1.
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Looking for values of iwith the same sum(·), we find that the remaining cases
to consider are
(i, j) ∈

{(
n

2
+ 3,

3n

2
+ 6

)
,

(
n

2
+ 5,

3n

2
+ 7

)}
. To complete the proof for this

case, we have,

M
(n
2
+ 3

)
=

{n

4
+ 2,

n

4
− 2,

n

4

}
̸=

{n

4
− 3,

n

4
+ 1,

n

4
+ 2

}
= M

(
3n

2
+ 6

)
,

and

M
(n
2
+ 5

)
=

{n

4
+ 3,

n

4
− 1,

n

4
− 1

}
̸=

{n

4
− 3,

n

4
+ 1,

n

4
+ 3

}
= M

(
3n

2
+ 7

)
.

Case 4: Suppose i ∈
{
n+ 3, . . . ,

3n

2
+ 5

}
. If j ∈

{
n+ 3, . . . ,

3n

2
+ 5

}
also, then the proof

proceeds similarly as the one for Case 3.1 except when i, j ∈ {n + 3, n + 6, n + 10}

but, these cases can be addressed easily. If j ∈
{
3n

2
+ 6, . . . , 2n− 1

}
, then clearly,

sum2(i) > sum2(j).

Case 5: Suppose i, j ∈
{
3n

2
+ 6, . . . , 2n− 1

}
. The proof of this case proceeds similarly as the

one for Case 2.1.

Finally, the proof for the case where n ≡ 2 (mod 4) follows a similar approach.

4 Conclusions

The notion of ID-colorings (equivalently, multiset resolving sets) can be used to solve the prob-
lem of uniquely identifying the vertices of a graph. In this paper, we have considered antiprism
graphs, which are of particular interest because they are known to be vertex-transitive (thus, pos-
sessing several automorphisms). Our main result (Theorem 3.1) is a characterization of all an-
tiprism graphs that possess at least one ID-coloring. More specifically, we have proved that an
n-antiprism graph is an ID-graph if and only if n ≥ 6. Moreover, we have completely determined
the identification numbers of all ID-antiprisms. We have found that almost all ID-antiprisms have
ID number equal to 3; the exceptions are AP7, AP8, AP10, AP12, AP14, AP16 that have ID number
4 and AP6 that has ID number 6.
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